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The finite difference technique is employed to study plane strain scattering of pulses from 
finite anomalies embedded in an isotropic, homogeneous, elastic half-space. In particular, the 
scatterer is taken to by a cylindrical cavity. A new transmission boundary condition is 
developed which transmits energy conveyed by Rayleigh surface waves. This condition is suc- 
cessfully employed in reducing the domain of numerical calculations from a semi-infinite to a 
finite region. A test of the numerical scheme is given by considering a time harmonic pulse of 
infinite extent. The numerical technique is marched out in time until transients have radiated 
away and a steady state solution has been reached which is found to be in good agreement 
with results produced by a series type solution. Time domain solutions are given in terms of 
time histories of displacements at the half-space free surface; and by sequences of snapshots, 
taken of the entire numerical domain, which illustrate the scattering dynamics. IF’ 1986 

.Academls Press. Inc. 

1. TNTR~DUCTI~N 

Scattering of a wave pulse by an inhomogeneity in a homogeneous elastic half- 
space is of interest in several branches of applied science. Examples include 
exploration seismology, earthquake damage prediction, defect characterization in 
nondestructive testing, and verification considerations in underground nuclear 
testing. 

Analytical techniques for scattering by a cavity in a half-space have been 
employed by BenMenahem and Cisternas [I], Thiruvenkatachar and 
Viswanathan [I], and Gregory [3], for solutions in the frequency domain. Each 
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used series solutions whose convergence was guaranteed, since the incident 
wavelength was large relative to a characteristic length of the scatterer. Datta and 
El-Akily [4] later used the method of matched asymptotics to find the leading 
order effects generated by a cylindrical cavity subject to time harmonic forcing, 
under the same assumptions. Use of ray theory and geometrical optics by Achen- 
bath, Gautesen, and McMaken [S] has produced results in the regime of short 
incident wavelengths for point and line sources in an elastic half-space. 

Numerical and analjrtical techniques have been combined in the work of 
and Shah [6] who used finite element methods combined with the multipole series 
approach of Gregory. Dravinski [7], Achenbach et al. [S, 9]> and Niwa, Kitahara, 
and Ideka [ 101 employed boundary integral formulations requiring the use of the 
complicated Green’s function for the elastic half-space. 

The scattering of compact pulses by an inclusion in an elastic half-space can, in 
principle, be described by a superposition of time harmonic solutions. However, 
since a time harmonic problem must be solved for several frequencies which make 
up the incident pulse, this Fourier construction is very costly and inefficient, An 
alternative method is the direct numerical integration of the time dependen: 
equations of motion by either the finite difference or finite element method. 

Implementation of direct numerical integration requires, however, the introduc- 
tion of an artificial boundary to restrict the computations to a finite domain. This is 
done at the expense of special handling of the solution at this boundary. To 
properly model conditions at infinity, a condition must be imposed which allows 
transmission of radiated energy with little or no reflection. 

Several papers have considered time dependent finite difference or finite element 
methods for pulse scattering problems in elastic solids, with a variety of methods to 
handle the transmission condition applied at an artificial boundary. Early studies 
[ll, 12, 131 allowed energy to be reflected back into the numerical domain with 
the result that the iteration scheme no longer gave accurate results when spurious 
reflections contaminated displacement histories of points under consideration. 

ith [ I4] proposed combining solutions produced by applying Neumann and 
nichlet type boundary conditions at surfaces of the artificial boundary. An 

application of this method is found in Crichlow’s [IS] study of anti-plane strain 
scattering from anomalies embedded in a half-space. In principle this scheme com- 
pletely eliminates reflections, but it is highly inefficient since it requires the solution 
of at least six Cauchy problems for a given scattering problem, A more efficien: 
approach is provided by local boundary operator methods, since these can be 
directly incorporated into finite difference schemes with little increase in com- 
putational effort. Two examples of local boundary operator are viscous damping 
applied at the artificial boundary introduced by Eysmer and uhlemeyer [E6], and 
the assumption of paraxial propagation based on the operator-splitting techniques 
of Engquist and Majda [ 171. These two techniques are local in that they involve 
only displacements at or near the artificial boundary. A review of these techniques 
and their relative effectiveness is given in [ 181. 

Scattering from a finite obstacle embedded in an elastic half-space produces SW- 
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face waves which propagate energy along the free surface of the half-space. Smith’s 
method effectively cancels reflected Rayleigh waves, but at the expense of producing 
concommitant body wave reflections which may or may not cancel. Fuyuki and 
Matsumoto [ 191 applied transmission conditions developed by Clayton and Eng- 
quist [20] (paraxial approximation) at the artificial boundaries of their numerical 
domain in an attempt to study reflections and transmissions of Rayleigh surface 
waves striking a trench. They note that upon complete penetration of their artificial 
boundary by a rayleigh surface wave, instabilities occur which grow in time. 

Recently, Scandrett, Kriegsmann, and Achenbach [Zl ] have developed a trans- 
mission condition based upon the cylindrical nature of displacements scattered from 
finite obstacles. It is derived on the basis of asymptotic considerations as the dis- 
tance from scatterer to artificial boundary (&,) becomes large. It is equivalent to 
the second-order boundary operator developed by Engquist and Majda who used 
the more formidable theory of pseudo-differential operators. In the present study, 
this operator is extended to allow the transmission of Rayleigh surface waves out of 
the numerical domain. 

The viability of this boundary operator and the associated finite difference 
scheme is demonstrated here by considering the scattering of a plane compressional 
pulse by a circular void embedded in a half-space. Solutions are given in terms of 
time histories of the displacements at the half-space free surface. Sequences of 
“snapshots” are presented which illustrate the dynamics of the scattering process. 

To test the accuracy of the method a time harmonic wave was used in place of 
the incident pulse to excite the cavity. After transients were allowed to radiate off to 
infinity, a time harmonic steady state solution evolved that was found to be in 
excellent agreement with results produced by a multipole series expansion. 

Section 2 contains the statement of the scattering problem while Section 3 
describes the radiation boundary condition. The numerical scheme is presented in 
Section 4, and the results for the pulse problem are described in Section 5. Results 
for a cylindrical cavity in an infinite elastic space are given for comparison and con- 
trast. Finally, the time harmonic results are described and compared to the results 
of Shah, Wong, and Datta [22]. 

2. FORMULATION 

Two-dimensional scattering of an incident pulse by a circular cylindrical cavity in 
a homogeneous isotropic elastic half-space is considered. The elastic solid is charac- 
terized by the Lame constants /1 and ,u, and the mass density p. The incident plane 
displacement pulse is taken in the form 

(2.1) 

where a = (cos 8[, sin 8,, 0), a is the radius of the cavity, cL = [(A + 2p)/p] l/2 is the 
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longitudinal wave speed, t’ is time, O1 is the angle which the propagation direcTton 
vector a makes with the positive x’ axis, and z, which is of dimension (l,4ime2), is a 
measure of the time interval between peaks of the incident pulse. The pulse given in 
(2.1) is similar in form to the one used by Alford, Kelly, and Boore [23 1. Fsr 
a,= 0, the time variation of the x coordinate of the displacement at x’= 3, is 
sketched in Fig. I. 

Dimensionless quantities t, x, and u’ are now dehned as fohows: 

* 1 t’zI.2. x = xl/a. La’= ‘,‘a. 13.2 j 

The incident pulse is written in terms of these quantities as 

U~=a(r-,x.ai,~II~~~.d~‘, 

where 
c(=azl”!. /’ c L 

(2.3! 

(2,6 ‘r 

is a dimensionless number characterizing the pulse. The total dimensionless dis- 
placement is split into incident. reflected, and scattered portions 

uT=ul+llR+u. (2.5 j 

The refiected displacement u R is the pulse that would result from the reflection of 
the incident pulse off the free surface of the half-space, in the absence of the cyiin- 
drical cavity. It is given by 

uiu’T t \ L/ 
FIG. 1. lndicent longitudinal displacement pulse c’ versus time: A = (3;r,!‘,’ = time interval bet;ueen 

pulse peaks. 
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where a, = (COS 8,, -sin 8,, 0), 82 = (cos 8,, -sin 8,, 0), i, = (0, 0, l), and A and 
B are the reflection coefficients: 

A = sin 2eT sin 2t?/-- (/P/C?) ~0s’ 28, 
sin 2e, sin 28, + @‘/a’) cos2 eT ’ 

B= 2(p//co cos 28, sin 28, 
sin 28, sin 28, + (p2/az) cos2 28,’ 

(2.7) 

(2.8) 

while 

e,=cos-‘[(qp) ~0~ e,], /I = a51i2/cT, CT= (p/pP2. (2.9) 

The scattered field u is generated by the interaction of the cavity with the incident 
and reflected fields. 

The scattered displacement u must satisfy 

&+ L-L VV.u=~. 
P’ ( > 2 B2 (2.10) 

In what follows, two coordinate systems are used to solve the scattering problem. 
In cylindrical coordinates u = (u, z-‘, 0), where u and u are the radial and circum- 
ferential scattered displacements, respectively. In the rectangular coordinate frame 
U = (U, V, 0), where U and P’ arc the scattered displacements in the x and 1’ direc- 
tions, respectively. The origin of both systems is taken to be the center of the cylin- 
drical cavity while the half-space free surface is the line 4’ =J’~ in the rectangular 
frame. Since the cylindrical cavity is free of surface tractions, the scattered dis- 
placements u must satisfy 

(2.11) 

(2.12) 

for I’ = 1, 0 d 8 < 27~. The stress components rFn, and zz,, are surface tractions which 
result from the presence of the incident and reflected pulses, respectively. At the 
half-space free surface, U must satisfy: 

(2.13) 

(2.14) 

at y =yO and for all x. Figure 2 illustrates the geometry of the problem. 
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FIG. 2. Geometry of the half-space scattering probiem. 

As Y-+ ,YL. the scattered displacements must behave as outgoing waves. Finaiiy 
initial conditions must be added to (2.3))(2.4) to complete the mathematical 
statement of the problem. Since the system is excited only by the incident pulse, the 
initial conditions on the scattered displacements are 

3. RADIATION CONDITIONS 

In order to solve the problem presented in Section 2 numerically an artificiai 
boundary must be introduced so that the number of iterations in the spatial domain 
ivill be finite at any given time level. This artificial boundary must model infinity to 
the extent that scattered waves are allowed to pass through witb little or no re 
tion. Should reflections from this boundary occur, they would eventually con- 
taminate the desired results elsewhere in the numerical domain. With the addition 
of free surface of the half-space, radiation conditions at points close to the intersec- 
tion of the artificial boundary and the free surface will require special attention. 

It is well known that when displacements having curved wavefronts impinge on a 
flat free surface, Rayleigh waves are excited. These surface waves have the proper- 
tics that: ( 1) they decay in amplitude with increase of depth into the elastic medium 
from the free surface and (2) they are nondispersive. 

It is expected that Rayleigh waves will be produced from the fields scattered by 
the cavity, and therefore to ensure outgoing Rayleigh surface waves a special trans- 
mission condition must be produced for the artificial boundary in the vicinity of the 
free surface. Body waves and Rayleigh waves must be allowed to pass out of th: 
numerical domain with little or no reflection. 
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In [21] transmission boundary conditions have been employed for 2-dimensional 
problems which appear to be very effective in transmitting transverse and 
longitudinal waves. These conditions may be represented by 

where 

~-~a -- 
/h ae 

;+;+fi; 
1. 

(3.4 

This operator is evaluated at R,, where R, is the distance from the origin to the 
artificial boundary of the grid. 

Given the material properties of the elastic medium, the Rayleigh wave speed is 
uniquely determined. Using the scaling provided in Section 2, the Rayleigh surface 
wave may be written as 

UR = [A,(Y), A,(y), 01 F(PX 3~ t), 1’ = as L:2/c, (3.3) 

where Up and Uf are horizontal and vertical displacements, respectively. The terms 
-4 I are functions which decay exponentially as yO - J' + CO, cR is the Rayleigh 
wave speed, and F(yx + t) represents a wave form travelling along the free surface 
of the half-space. The rate at which the amplitudes Aj(yj decay depends on pulse 
length, with short pulses decaying more rapidly with depth. 

The form of the Rayleigh surface waves (3.3) suggests the use of the following 
radiation condition to allow their passage: 

where .‘cg B 1. 
The combination of (3.1) and (3.4) will be used in the numerical scheme to 

ensure proper transmission of waves near the intersection of the free surface and the 
artificial grid boundary. 

As mentioned in Section 2, two coordinate systems are used to solve the half- 
space scattering problem. Both systems overlap within a region where Rayleigh 
waves may have a significant amplitude. The radiation condition for body waves 
(3.1) is given in terms of a cylindrical coordinate system while the radiation con- 
dition for Rayleigh waves (3.4) is in terms of a rectangular system. In order to com- 
bine these to produce a total radiation condition in either frame, transformation of 
each radiation condition into the alternative coordinate system must be found. The 
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r~ansformation from cylindrical coordinate displacements to rectangular coordinaze 
dkplacements is given by 

u= sin% ( 

cos 0 -sin %\ 
cos 0 i 

u. (3.5) 

Writing (3.1) in terms of rectangular coordinates we have 

where the elements of 2 are 

A,,=(l-~sin’D)~+~cos%sin%;i;+~cos%+~cos%~ (3.7) 

.X12=~c5s%sin8~+ l-~c5s20 i+ 
B 

( B ) 1, $.jJs:n%+osin%;.(3.81 

The matrix elements AZ2 and A,, can be found from A,, and J12 by switching 3: 
and 8. and reversing the sign of A,, . Therefore, in rectangular co-ordinates the total 
radiation condition is defined by 

ABU = O( l/R:,). (3.9) 

Now writing (3.4) in terms of cylindrical coordinates we have 

where the elements of B are defined as 

13 sin 6~0s 9 2 
B,, =c0? e-- 

sin” 9 
at 

R 
h se+ 

-+yCOSO; 
Ril 

B =-sin%c5s%~+sin’% (? sinBcos% d 
12 ai R, !s+ R, 

- j' sin % - 
ar 

The total radiation condition in cylindrical coordinates is therefore 

A& = (l/R;). (3.14) 

The artificial or nonreflecting boundary conditions used in the numericai scheme 
described in Section 5 are obtained by neglecting the 0(1,/R;) terms in (3.9) and 
13.14) when Y = Rh. 
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The truncation error of O( l/R;), upon application of the nonreflecting boundary 
conditions, is only approximately correct. The combination of the boundary 
operators (A, B in (3.14) and 2, B in (3.9)) is not commutative. In reversing the 
order of multiplication, additional terms of order 0(/z/R:) occur where lz is the ver- 
tical component of the coordinates of the artificial boundary mode where the 
radiation condition is applied. In the present examples the origin is the center of the 
cavity so that the most severe truncation error is when h =yO. In view of the above 
commutativity of the boundary operators is within the degree of accuracy of 
0(1/R;) provided h is much less than R,. In practice, terms which have a factor of 
O(h/Ri) in (3.9) and (3.14) are incorporated into the 0( l/R;) terms and are neglec- 
ted. 

4. NUMERICAL SCHEME 

The numerical domain of interest 58 is shown in Fig. 2. It is defined as 9 = 
(x, )‘Iy6y0, 1 ,< (~~+y’)~!~< Rb}. For each lattice point of a grid superposed on 
9, the displacement values are computed and stored for two time levels. Dis- 
placements at a succeeding third time level are found explicitly in terms of the 
immediately preceding two with the aid of a centered difference form of the 
equations of motion (2.10). Away from free surfaces and from the artificial boun- 
dary, Eqs. (2.10) suffice in finding displacements at succeeding time steps. The 
determination of corresponding displacements at free surfaces and the artificial 
boundary will be discussed in what follows. 

Equation (2.10) is here given in terms of rectangular (U and V) and cylindrical (U 
and ~1) frames. In rectangular coordinates the equations are 

where 

(At)’ (At)’ 
1-n-n 

a (Ax) 1 P (Aq’) _ ’ 
&!!q 

L ct (Ax)- 

(At)’ 
“‘=jjy-jp (4.2) 

and 

x= -(R~-y~)1/2+(k-1)Ax, J’=J’0+(~-4)dy, t=nAt. (4.3) 
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The equivalent expression for I’;: ’ can be found by exchanging ii and C’ in (4.1 j, CA 
and /I in (4.2), and reversing the sign of u4. In Eqs. (4.3) and (4.6), subscripts on the 
displacements II and U identify a particular lattice point in the numerical grid, while 
the superscript 11 fixes the time level of the displacement. 

In cylindrical coordinates the corresponding equations are 

where 

r=l+(,i-l)_lr, B =.j Aft. (4.6) 

The expression for u;T i is given by Eq. (4.4) with the u’s and u’s exchanged and 
with she constants (4.5) altered by exchanging c( and p iyhile reversing the signs of 
b5 and b,. 

At the two free surfaces of the numerical domain the traction free boundary con- 
ditions (2.11)-(2.12) and (2.13)-(2.14) must be applied. The conditions are used in 
such a way as to eliminate the need for the introduction of additional grid points 
exterior to g’. The difference formulation of these conditions is that proposed by 
Ilan and Lowenthal 1241, where the equations of motion and the traction free 
boundary conditions are incorporated into Tayior series expansions of the dis- 
placements at the free surfaces. For the free surface of the half space (rectan.gular 
coordinates) the differenced boundary conditions are 

where 

c2=2 (At!’ 
m’ 

y2, c3- 
a-(4.x)- 
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The corresponding expressions for V;,;’ are found by exchanging the U’s and V’s in 
(4.7) and the CI’S and KS in (4.8) (except for cd), and by changing the signs of cq and 
c5. At the cylindrical free surface the differenced boundary conditions are 

where 

(4.9) 

(4.10) 

The terms rFl and rR are the tractions resulting from the displacements III and uR, 
respectively (see Sect. 2). The v;,; ’ may be found by exchanging the U’S and u’s and 
by changing tFr + TP, to T:@ + rs in (4.9). In addition, in (4.10) the ix’s and p’s should 
be exchanged (except in d6), the term (1 - 4cx2/j3’)/Ar should be replaced by - 3/Ar, 
and the signs of rl,, dj, and d6 should be reversed. 

The artificial boundary is split into three segments. The first segment contains 
boundary points which are far from the surface of the half-space so that only out- 
going body waves (L, T) need be considered. For these points the condition (3.1) is 
center differenced and combined with the center differenced form of (2.10) (the 
cross derivative term is backward differenced in the radial coordinate) to yield the 
following equations for u;:.’ and v::,>~ : 

(4.11) 

where 

q=jdi(l+&)+aAr]-’ 

e,=q{At(l+&)-c!Ar), e2=2q(At)‘/aAr, 

(4.12) 
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e3= -e2-2e,+gj-~(1+~j+2rIrj 
, 

eJ = z(~It)~ 4rq/P’Ri(40) 

X(dtyq 1 1 
eh=yjj--Jg J- u2 . 

( 1 
-?-- 

The subscript tz corresponds to the points where I = R,+ {see Eq. 4.6). To find the 
equation for I:;:,:,’ exchange the u’s and ~7’s in (4.11 1, 2’s and /II’s in (4,li 1. acd. 
reverse the signs of e5 and e6. 

The second segment of the artificial boundary includes points where the Rayieign 
wave displacements, which decay exponentially with distance from the free surface, 
are not negligible. The condition on this segment is taken from a dif?erenced form of 
equation (3.14). The following notation is introduced: 

i&l?) 

Equation (3.143 is differenced as follows: 

:.jql~+.r~Q;,+.f&Dr Jr.f&+fj&)) qn,/ 
+ ifcob; -t-J;Qgl’ +“fgQpr +.fpp: +f&yjy l’::,.i= 0 (4.15) 

where 

r,= -sinocoso, 

i,= -i’sin@-xcosdsin0, f9=jJ (g&oss; fro = - ;;r sin 6. 

jG.iS) 

A second equation is produced by switching ~r:,.~ and l’zz., in (4.15), and by exchang- 
ing LY and ,8 while reversing the signs of .f6, f,, s8, Jf?> and fiO in (4.16). The rwo 
equations have four unknowns u;;.‘, LJ$~, :$ + 1. jz and L$, + i, j. The equations of 
motion (4.4) with i = 171 are used to solve for u> + ,,j and L$ + I. ! in terms of u~:~,’ an 
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L$;‘. These values are substituted into Eqs. (4.15) resulting in a 2 x 2 matrix 
problem whose solution provides the values u$’ and c;:‘,‘. The boundary operator 
(4.15) has a disadvantage in that the fs are theta dependent. Therefore, at every 
point where (4.15) is applied, a new set of constants must be found. Fortunately, 
because of the exponential decay Rayleigh waves, relatively few boundary points in 
the vicinity of the free surface require this special boundary operator. 

The final section of the artificial boundary consists of the two points where the 
free surface and the artificial boundary intersect. Let U,, V,, U,, and V, represent 
horizontal and vertical displacements at these points (see Fig. 2). Point P is the 
intersection while Q is located directly below P at a distance d.r. (3.9) is 

written as 

(g,D;-y+g,D;D’ +g,D;+g,D;D” +g,D;D” +g,,Di;+g,,D;,) u; 

+ {g,D,““+g,Di;D?’ +g6D;+g,D;D” +g,,D;DL} V;=O (4.17) 

where 

g, = 1 -X sin2 8, 
P 

g,=~cosesine, 
P 

g,= l-%os’O 
P 

g, = p cos 8, g, = ya sin 8, 

g,=?(I-isin’i))+ocosO, g,=~$cosOsinO+rsin0, 

g, = 1’ E cos e sin 0, 
D 

zff-pcose 
g11=-- 

W 4, ’ 
(4.18) 

A second equation results by exchanging U; and V; in equation (4.17j, while 
exchanging tx and b in (4.18), and by reversing the sign on the g’s with even sub- 
scripts (except for gr?). Equation (4.17) is applied at P where outgoing Rayleigh 
waves are traveling in the position x direction. Similar equations must be written 
for the other intersection point of the free surface and the artificial boundary. These 
equations are found by changing D” to D”+ in (4.17) and by substituting y for -7 
in (4.18). At the point Q Eq. (4.17) is applied changing U; and V; to “5 and V;, 
and D.: to 0;. Similarly for the point at the other end of the free surface, change 
D-Y to D”, and y to --?/, in (4.17j and (4.18), respectively. 
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Equations (4.17) applied to points P and Q, as specified above, results in four 
equations with eight unknowns. The unknown values are I$+ l, “2 I, I$+ i, ff;+ !, 
Lip, if;., u’$, and I’;,, where the pseudonodes P’ and ’ are also shown in Fig. 2. 
They are located Ax beyond the edge of the rectang I domain which ends at 
points P and Q. The values at the pseudonodes are expressed in terms of r/r;+ l, 
p/n + 1 ~;,I + I and 1’;” by application of equations (4.7) at point P and (4.; ) at 
p&t’Q. gudstitution of these expressions into the four equations found by applying 
(4.17) results in a 4 x 4 matrix equation whose solution provides the unknowo 
values of CT”+’ and V+’ at P and Q. A similar process is used to lin e dis- 
placements at the other intersection point of the free surface and the artificial grid 
boundary. 

In the vicinity of the free surface of the half-space, the rectangular and cylindrical 
coordinate frames overlap. Due to the explicit nature of the proposed difference 
scheme, values of the displacements at the (n $ l)st time level may be found for all 
points except those at the “edge” of each coordinate frame in the overlap region. 
The spatial meshes are chosen so that points along these “edges” are completely 
contained in a subdomain of the opposing coordinate system for which dis- 
placements at each lattice point for the (n + 1 )st time level are known. The (72 + 1 1st 
displacement for an “edge” point is found by interpolating displacements from c; 
mesh cell containing the edge point and performing a coordinate translation (3.5’i of 
the displacements to the correct system. This process of interpolation and trans- 
lation must be done at each time step but can be made efficient by finding the 
“edge” points, interpolation factors, interpolation cells, and translation factors once, 
and using their stored values repeatedly. 

The stability of the finite difference scheme and the boundary conditions is dif- 
ficult to assess theoretically. If the boundary conditions are ignored a Van Neuman 
stability analysis may be performed on the difference Eqs. (4.1)-(4.4). Such an 
analysis was done by Alterman and Karal [ 111, and Alterman and Loewentha! 
[25]. They found that At must satisfy 

1.‘2 

At<min(Ar, Af3, Ax, AJ!) (4.19) 

to insure stability. 
A full stability analysis applying the theory of Gustafsson, Kreiss, and Sundstrijm 

[26] would be very difficult for the present problem. It was found by conducting 
numerical experiments, which will be reported in the next section, that when disper- 
sion was properly minimized, instabilities were avoided in the present applications 
which involve the discretized transmission and free surface boundary conditions 
and the discrete versions of the equations of motion (4.1) and (4.4 ). 

Dispersion of finite difference approximations to wave equations has been studied 
recently by Trefethen [27]. He reported that phase and group velocities resielting 
from a finite difference solution to the elastodynamic equations of motion differ 
from the true analytical values by terms that are directionaily dependent and which 
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contain a factor of Q-l, where Q represents the number of mesh points used per 
wavelength. In order to prevent high frequency noise from eventually con- 
taminating results elsewhere in the numerical domain, Q was held relatively high, 
and pulses where restricted to having smooth leading and trailing edges. 

5. RESULTS 

Results for time dependent problems in elastodynamics are typically given in one 
of two forms. One is to isolate points of interest in the spatial domain and chronicle 
their displacement histories. A second method uses “snapshots’ of the displacement 
fields at specified times of the scattering process for a portion (or all) of the spatial 
domain. A series of these snapshots could be made to produce a motion picture of 
the pulse scattering process. The two forms of representation are complementary in 
as much as one fixes points in space while the other fixes points in time. 

Both methods of representation are used in what follows. Relatively few 
snapshots are given for each of the pulse problems, however, and their presence is 
only for purposes of illustration. In viewing the snapshots, one should imagine a 
series of evenly spaced horizontal and vertical lines which overlay the numerical 
domain. Any deviation from this uniformity is the result of an incident, reflected, or 
scattered displacement, or a combination of these. 

First considered, is scattering of a pulse by a cavity in an unbounded elastic solid. 
The relevant parameters are: dr= 0.1, dB = n/30, Rb = 5, tl= 0.8, p = 1.6, and 
At = 0.06. Results for this problem are presented for comparison with results 
produced by scattering of a pulse from a cylindrical cavity embedded in a half- 
space. Figures 3a, b, c, and d show snapshots of the pulse (Eq. 2.3 with 0[= 90°) 
interacting with the cavity. In Figs. 3a and b the pulse has almost traverse the 
cavity while in Figs. 3c and d it has nearly disappeared from the numerical domain. 
Figure 3d best illustrates the scattered L and TV waves. The L waves are most 
clearly evident on the illuminated side of the cavity, while scattered TV waves can 
be seen in the shadow zone. The two types of waves are identified by observing sub- 
sequent snapshots and determining the relative rate at which they exit the domain. 

Figure 4 chronicles time histories of the total displacement for points on the sur- 
face of the cavity, shown schematically directly above the histories. Points A and E 
are in line with the direction of propagation of the incident pulse, where A is on the 
illuminated side, and E on the shadow side. Due to symmetry the circumferential 
displacements at A and E are zero as shown. The time scale for the displacement 
histories is given by equation (2.2); r was taken to be one, so a time interval of Vs 
should be expected between response peaks, as is verified by the time history of the 
radial displacement at point A. In what follows let A represent this time interval. 
Several observations can be made of the pulse at the shadow portion of the cavity 
as recorded at point E. Since the incident pulse first pulls on and then pushes the 
cavity, the sign of the displacements at E are opposite to those at A since the direc- 
tion of increasing radial displacement is reversed. It is observed that the time inter- 
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val between peaks (d) at E is a factor of about fi greater than that at point A, 
while the amplitude of the displacement at E relative to that at A is decreased by 
roughly one-third. In addition, if the cavity were absent the incident pulse would 
traverse the distance from A to E in 1.6 time units, but in its presence the time 
between observed peaks at A and E is nearly two times this amount. 

Attention is now turned to the problem of scattering of the same pulse as used 
above from a cylindrical cavity embedded in a half-space whose free surface is nor- 
mal to the direction of propagation in the incoming wave. The parameters a, b, and 
AT are the same as for the free space problem while A0 = n/64, At = 0.03, R, = 3, 
and the new parameters: ye = 1.8 (depth from free surface to center of cavity), Ax = 
dy = 0.1, and 0,= 90” (propagation direction of incident pulse). Figures 5a-d are 
snapshots at times roughly equivalent to those shown in Figs. 3a-d. The values of 
Rb for the present and preceding problem could have been made equal. In the half 
space problem a small R, was chosen for economy of computational effort, while 
for the full space problem a larger Rb was used because a clear depiction of the scat- 
tered displacements was desired. 

Because of the relatively small size of Rb for the half-space problem, it is par- 
ticularly diflicult to separate surface and body wave components of the scattered 
displacements. For larger values of Rb it may be possible to isolate the Rayleigh 
surface wave but this is not done in the present work. 

FIG. 5. Snapshots of scattering of a longitudinal pulse (same as used in Fig. 3) from a cylindrical 
cavity embedded in an elastic half-space. Figures c and d represent a later time than that represented by 
a and b. Parameters are: dr = 0.1, LIB = n/64, 4.x = do’ = 0.1, R, = 3, y. = 1.8, GI = 0.8, B = 1.6, 8,= 90”. 
Al = 0.03. 



SCATTERING OF A PULSE 497 

An additional input parameter required for the half-space problem is the depth to 
which the combined radiation condition (3.14) is applied. In each of the remaining 
experiments this depth was equal to the depth of the cavity (~7~). Numerical tests to 
study the effects of varying this depth have not been performed. One would expect, 
however, that the optimal depth of application should depend upon the shape, 
duration, and angle of incidence of the incident pulse. 

Time histories for this problem (Fig. 6) are given in terms of horizontal and ver- 
ticai displacements, in contrast to the radial and circumferential displacements of 
Fig. 4, so care must be taken in comparing equivalent histories. For example, the 
vertical displacement history at point A of Fig. 6 is to be compared with the radial 
displacement at point E in Fig. 4 while the vertical displacement at point C jn Fig. 6 
should be compared with the negative radial displacement history at A in Frg. 4 
(since the direction of positive radial displacement at A is downward). 

Note that symmetry of the problem demands zero horizontal displacement at 
points C, A, and G, as observed in Fig. 6. Furthermore, horizontal displacements at 
points equidistant from this axis are opposite in sign. With information taken from 
the free space problem, arrival times of positive peaks recorded at point C may be 
determined and are found to agree well with what is observed. The first 
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F!c;. 6. Time histories of displacements for various points on the cavity and half-space free surfaces. 
Parameters same as in Fig. 5. 
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point C) is due directly to the incident pulse, while the second results from a scat- 
tered pulse caused by the reflection of the incident wave at the half-space free sur- 
face. The third peak appears at a time that a pulse at A (caused by scattering of the 
incident wave) has been reflected from the free surface of the half-space and has 
produced a second scattered pulse at point C. 

The results suggest that a damped vibration model is excited between the free 
surfaces of the cavity and the half-space. This can be seen in the slight ringing of the 
vertical displacements for time histories of points A and G. The relatively long 
period of this oscillation may be attributed to the elongation of the scattered wave 
and its multiple reflections as they travel around the cylinder. 

Results for a pulse incident under an angle of 45” are shown in Figs. 778. All 
parameters are the same as for the normal incident compressional wave except 
tI1 = 45”. These results are more difficult to anayze than for the normally incident 
case because of the appearance of a reflected transverse wave. One observation is 
that the magnitude of the ringing phenomenon between points A and G has been 
reduced, as one might expect for incident angles other than normal to the free sur- 
face of the half-space. 

With the given set of parameters for the half-space scattering problems it was 
found that each time iteration took approximately one third of a second on a 
CYBER 170/730. 

Several factors should be taken into account when applying the numerical techni- 
que presented here to similar pulse scattering problems. The method works most 

b 

FIG. 7. Same as Fig. 5 except 8, = 45”. 
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FZG. 8. Time histories of displacements for various points on the cavit) and half-space free sl;rfaces. 
Parameters same as in Fig. 7. 

efficiently when the depth of the scatterer and the wavelengths which domina<e in 
the incident pulse are of the same order of magnitude as a characteristic length of 
the scatterer. if wavelengths dominating the pulse are short (relative to the dimen- 
sions of the scatterer) a very fine mesh must be employed in order to minimize grid 
dispersion. If the depth of the scatterer is relativeiy large, the corresponding 
numerical domain must also be large in order that the effects of interaction between 
the free surface of the half-space and the scatterer can be accounted for, and also to 
properly apply the radiation boundary operator developed for the numerica: 
scheme. 

An argument identical to that presented in [21] (Appendix A) can be used to 
demonstrate the non-existence of bound states for the half-space scattering problem. 
The absence of such states justifies implementation of the numerical technique 
presented to solve problems of time harmonic scattering. This is done here to 
demonstrate the versatility and the accuracy of the method. A multiple series 
solution (24 terms) provided by Wong is used as a basis of comparison. Shah, 
Wang, and Datta [22] employed a similar benchmark to test the accuracy of their 
numerical scheme. 



430 SCANDRETT, KRIEGSMANN, AND ACHENBACH 

1.09 
T I-, 

,;:” 
Y91 
:/- 

‘\ 

!’ 
.73 

I’ .55 1 “‘!,,::,,, 
/ ,d’ .-’ 

1 
-, 2, 

.36 

.I8 

t 
,001 

-14.61 -10.96 -7.31 -3.E5 .OO 3.65 7.31 10.5E 14.61 

XISCALED BY SHEAR WAVELENGTH) 

FIG. 9. Magnitude of the scattered vertical displacements at the half-space free surface for an 
incident time harmonic longitudinal wave. Relevant parameters are: 4r = 1, 40 = n/59, 4x = 4~, - 0.1, 
dt=O.l, Rb=3, y,,= 1.53, b=5.662, a=2.75, 0,=90”. 

For the time harmonic problem, the relevant parameters were p = 5.662, 
v = 0.3456 (Poisson’s ratio), Ar = At = 0.1, A6J = 7c/59, and Ax = Ay - 0.1. The 
numerical scheme was marched forward in time until a steady state solution was 
reached (measured by the variation of horizontal and vertical displacements at the 
half-space free surface). Figure 9 displays the comparison of the present numerical 
technique (solid line) with that of the series solution (dotted line) for the magnitude 
of the vertical displacement along the half-space. As can be seen, the results com- 
pare favorably. 
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