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The finite difference technique is employed to study plane strain scattering of pulses from
finite anomalies embedded in an isotropic, homogeneous, elastic half-space. In particular, the
scatterer is taken to by a cylindrical cavity. A new transmission boundary condition is
developed which transmits energy conveyed by Rayleigh surface waves. This condition is suc-
cessfully employed in reducing the domain of numerical calculations from a semi-infinite to a
finite region. A test of the numerical scheme is given by considering a time harmonic pulse of
infinite extent. The numerical technique is marched out in time until transients have radiated
away and a steady state solution has been reached which is found to be in good agreement
with results produced by a series type solution. Time domain solutions are given in terms of
time histories of displacements at the half-space free surface; and by sequences of snapshots,
taken of the entire numerical domain, which illustrate the scattering dynamics. < 1986

Academic Press, Inc.

1. INTRODUCTION

Scattering of a wave pulse by an inhomogeneity in a homogeneous elastic half-
space is of interest in several branches of applied science. Examples include
exploration seismology, earthquake damage prediction, defect characterization in
nondestructive testing, and verification considerations in underground nuclear
testing.

Analytical techniques for scattering by a cavity in a half-space have been
employed by Ben-Menahem and Cisternas [1], Thiruvenkatachar and
Viswanathan [2], and Gregory [3], for solutions in the frequency domain. Each

410

0021-9991,86 $3.00

Copyright « 1986 by Academic Press. Inc.
Ali nghts of reproduction 1 any form reserved.



SCATTERING OF A PULSE 411

used series solutions whose convergence was guaranteed, since the incident
wavelength was large relative to a characteristic length of the scatterer. Datta and
El-Akily [4] later used the method of matched asymptotics to find the leading
order effects generated by a cylindrical cavity subject to time harmonic forcing,
under the same assumptions. Use of ray theory and geometrical optics by Achen-
bach, Gautesen, and McMaken [5] has produced resuits in the regime of short
incident wavelengths for point and line sources in an elastic half-space.

Numerical and analytical techniques have been combined in the work of Datia
and Shah [6] who used finite element methods combined with the multipole series
approach of Gregory. Dravinski [7], Achenbach et al. [8, 9], and Niwa, Kitahara,
and Ideka [10] employed boundary integral formulations requiring the use of the
complicated Green’s function for the elastic half-space.

The scattering of compact pulses by an inclusion in an elastic half-space can, in
principle, be described by a superposition of time harmonic solutions. However,
since a time harmonic problem must be solved for several frequencies which make
up the incident pulse, this Fourier construction is very costly and inefficient. An
alternative method is the direct numerical integration of the time dependent
equations of motion by cither the finite difference or finite clement method.

Implementation of direct numerical integration requires, however, the introduc-
tion of an artificial boundary to restrict the computations to a finite domain. This is
done at the expense of special handling of the solution at this boundary. Tc
propetly model conditions at infinity, a condition must be imposed which allows
transmission of radiated energy with little or no reflection.

Several papers have considered time dependent finite difference or finite element
methods for pulse scattering problems in elastic solids. with a variety of methods to
handle the transmission condition applied at an artificial boundary. Early studies
(11, 12, 13] allowed energy to be reflected back into the numerical domain with
the result that the iteration scheme no longer gave accurate results when spurious
reflections contaminated displacement histories of points under consideration.
Smith [147] proposed combining solutions produced by applying Neumann and
Dirichlet type boundary conditions at surfaces of the artificial boundary. An
application of this method is found in Crichlow’s [157] study of anti-plane sirain
scattering from anomalies embedded in a half-space. In principle this scheme com-
pletely eliminates reflections, but it is highly inefficient since it requires the solution
of at least six Cauchy problems for a given scattering problem. A more efficien:
approach is provided by local boundary operator methods, since these can be
directly incorporated into finite difference schemes with little increase in com-
putational effort. Two examples of local boundary operators are viscous damping
applied at the artificial boundary introduced by Lysmer and Kuhlemeyer [ 167, and
the assumption of paraxial propagation based on the operator-splitting technigues
of Engquist and Majda [177. These two techniques are local in that they involve
only displacements at or near the artificial boundary. A review of these techniques
and their relative effectiveness is given in [18].

Scattering from a finite obstacle embedded in an elastic half-space produces sur-



412 SCANDRETT, KRIEGSMANN, AND ACHENBACH

face waves which propagate energy along the free surface of the half-space. Smith’s
method effectively cancels reflected Rayleigh waves, but at the expense of producing
concommitant body wave reflections which may or may not cancel. Fuyuki and
Matsumoto [19] applied transmission conditions developed by Clayton and Eng-
quist [20] (paraxial approximation) at the artificial boundaries of their numerical
domain in an attempt to study reflections and transmissions of Rayleigh surface
waves striking a trench. They note that upon complete penetration of their artificial
boundary by a rayleigh surface wave, instabilities occur which grow in time.

Recently, Scandrett, Kriegsmann, and Achenbach [21] have developed a trans-
mission condition based upon the cylindrical nature of displacements scattered from
finite obstacles. It is derived on the basis of asymptotic considerations as the dis-
tance from scatterer to artificial boundary (R,) becomes large. It is equivalent to
the second-order boundary operator developed by Engquist and Majda who used
the more formidable theory of pseudo-differential operators. In the present study,
this operator is extended to allow the transmission of Rayleigh surface waves out of
the numerical domain.

The viability of this boundary operator and the associated finite difference
scheme is demonstrated here by considering the scattering of a plane compressional
pulse by a circular void embedded in a half-space. Solutions are given in terms of
time histories of the displacements at the half-space free surface. Sequences of
“snapshots” are presented which illustrate the dynamics of the scattering process.

To test the accuracy of the method a time harmonic wave was used in place of
the incident pulse to excite the cavity. After transients were allowed to radiate off to
infinity, a time harmonic steady state solution evolved that was found to be in
excellent agreement with results produced by a multipole series expansion.

Section 2 contains the statement of the scattering problem while Section 3
describes the radiation boundary condition. The numerical scheme is presented in
Section 4, and the results for the pulse problem are described in Section 5. Results
for a cylindrical cavity in an infinite elastic space are given for comparison and con-
trast. Finally, the time harmonic results are described and compared to the results
of Shah, Wong, and Datta [22].

2. FORMULATION

Two-dimensional scattering of an incident puise by a circular cylindrical cavity in
a homogeneous isotropic elastic half-space is considered. The elastic solid is charac-
terized by the Lamé constants 4 and p, and the mass density p. The incident plane
displacement pulse is taken in the form

x-d

3

u =ar'd l:t/_ :Ier[t’—x’-&,’c,_]2 (21)

where d = (cos 8, sin 6,, 0), a is the radius of the cavity, ¢, = [(4 +2u)/p]1"? is the
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longitudinal wave speed, ¢ is time, 0, is the angle which the propagation direcuion
vector d makes with the positive x’ axis, and t, which is of dimension (1/time?), is a
measure of the time interval between peaks of the incident pulse. The pulse given in
(2.1) is similar in form to the one used by Alford, Kelly, and Boore [23]. For
#,=0, the time variation of the xcoordinate of the displacement at x =40, is
sketched in Fig. 1.

Dimensionless quantities ¢, x, and u’ are now defined as follows:

12 'y

t=t't x=x'/a, w=u'a 2.23

The incident pulse is written in terms of these quantities as

u’:ﬂ(t;ax-a)e*”’“"i’:, 12.3)

where

is a dimensionless number characterizing the pulse. The total dimensionless dis-
placement is split into incident, reflected, and scattered portions

u =uw'+uf+u

e
T
L

The reflected displacement u” is the pulse that would result from the reflection o
the incident pulse off the free surface of the half-space, in the absence of the cylin-
drical cavity. It is given by

=49

Fi1G. 1. Indicent longitudinal displacement pulse U versus time: 4 = (2;7)!"* = time interval between
pulse peaks.
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where d, = (cos ,, —sin 8,, 0), d,=(cos8,, —sinb,, 0),i,=(0, 0, 1), and 4 and
B are the reflection coefficients:

__sin 20 sin 20, — (B*/a?) cos® 26 ;

" sin 20,sin 26, + (f%/a®) cos> 6, (27)
_ 2(Bja) cos 20, sin 20, 08)
" sin 26,-sin 20, + (B%/2*) cos? 260, '
while
6r=cos™'[(a/B)cos 0,], p=at"?/cq, cr=1{(u/p)" (2.9)

The scattered field u is generated by the interaction of the cavity with the incident
and reflected fields.
The scattered displacement u must satisfy

iVZqu(i,—i,> VV u=ii (2.10)
a> B

In what follows, two coordinate systems are used to solve the scattering problem.
In cylindrical coordinates u= (u, v, 0), where # and v are the radial and circum-
ferential scattered displacements, respectively. In the rectangular coordinate frame
U=(U, V,0), where U and V are the scattered displacements in the x and y direc-
tions, respectively. The origin of both systems is taken to be the center of the cylin-
drical cavity while the half-space free surface is the line y =y, in the rectangular
frame. Since the cylindrical cavity is free of surface tractions, the scattered dis-
placements u must satisfy

1 du 1 2 v 1
p5+<p—p><u+@>=—;(rh+rm (2.11)
v 0 1 .
vt o (el ), (212)

I and t® are surface tractions which

for r=1, 0 <0< 2n. The stress components 1., —
result from the presence of the incident and reflected pulses, respectively. At the

half-space free surface, U must satisfy:

1 2\éU 1oV

—_——— | — 4 ——=0 .

(oc2 /32> ax o dy (2.13)
ou oV
T = .14
8.y+6x ’ (2.14)

at y =y, and for all x. Figure 2 illustrates the geometry of the problem.
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FiG. 2. Geometry of the half-space scattering problem.

As r— oc. the scattered displacements must behave as outgoing waves. Finaily
initial condmons must be added to (2.3)(2.4) to complete the mathematical
statement of the problem. Since the system is excited only by the incident pulse, the
initial conditions on the scattered displacements are

u=a=U=U=0 for 1=0,|x]<x,y<y,. {2.15)

3. RADIATION CONDITIONS

In order to solve the problem presented in Section 2 numerically an artificia
boundary must be introduced so that the number of iterations in the spatial domain
will be finite at any given time level. This artificial boundary must model infinity to
the extent that scattered waves are allowed to pass through with little or no reflec-
tion. Should reflections from this boundary occur, they would eventually con-
taminate the desired results elsewhere in the numerical domain. With the addition
of free surface of the half-space, radiation conditions at points close to the intersec-
tion of the artificial boundary and the free surface will require special attention.

[t is well known that when displacements having curved wavefronts impinge or a
flat free surface, Rayleigh waves are excited. These surface waves have the proper-
ties that: {1) they decay in amplitude with increase of depth into the elastic medium
from the free surface and (2) they are nondispersive.

It is expected that Rayleigh waves will be produced from the fields scatiered by
the cavity, and therefore to ensure outgoing Rayleigh surface waves a special trans-
mission condition must be produced for the artificial boundary in the vicinity of the
free surface. Body waves and Rayleigh waves must be allowed to pass out of the
numerical domain with little or no reflection.
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In [21] transmission boundary conditions have been employed for 2-dimensional
problems which appear to be very effective in transmitting transverse and
longitudinal waves. These conditions may be represented by

1
Au=01| — .
" (R?,) G-
where
0 n 1 N 0 f—a o
4o EPRI PRI pr a0 (3.2
- p—ad a+1+ 0 2)
oar 00 or 2r at

This operator is evaluated at R,, where R, is the distance from the origin to the
artificial boundary of the grid.

Given the material properties of the elastic medium, the Rayleigh wave speed is
uniquely determined. Using the scaling provided in Section 2, the Rayleigh surface
wave may be written as

UR=[A4,(y), 45(y), 0] F(x+1),  y=at'?/cg (3.3)

where UF and U# are horizontal and vertical displacements, respectively. The terms
A y) are functions which decay exponentially as y,—y — o0, cg is the Rayleigh
wave speed, and F(yx + 1) represents a wave form travelling along the free surface
of the half-space. The rate at which the amplitudes A ,(y) decay depends on pulse
length, with short pulses decaying more rapidly with depth.

The form of the Rayleigh surface waves (3.3) suggests the use of the following
radiation condition to allow their passage:

0 0
BU=<TiVT)U=0, X=2xp (34)
ox— " ot

where xz> 1.

The combination of (3.1) and (3.4) will be used in the numerical scheme to
ensure proper transmission of waves near the intersection of the free surface and the
artificial grid boundary.

As mentioned in Section 2, two coordinate systems are used to solve the half-
space scattering problem. Both systems overlap within a region where Rayleigh
waves may have a significant amplitude. The radiation condition for body waves
(3.1) is given in terms of a cylindrical coordinate system while the radiation con-
dition for Rayleigh waves (3.4) is in terms of a rectangular system. In order to com-
bine these to produce a total radiation condition in either frame, transformation of
each radiation condition into the alternative coordinate system must be found. The
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t-ansformation from cylindrical coordinate displacements to rectangular coordinate
d.splacements is given by

U:<c956’ —sin 6\ (351
sinf  cosf
Writing (3.1} in terms of rectangular coordinates we have
Au= AU (3.6)
where the elements of 4 are
Ay = (1 ~% sin? 9) c"i+-[§ cos 0 sin 9 ¢ Zzaﬂ;{f cos 0+ a cos 9% (3.7

— @ & E’ 2 - . N @
A :—cos@mn@ <1—fc0328>7+ > ﬁsmé}%—o{smﬁ—. (3.8}
ox B cv ot

B 2BR,
The matrix elements 4,, and A,, can be found from A4,, and A,, by switching «

and . and reversing the sign of 4,,. Therefore, in rectangular co-ordinates the total
radiation condition is defined by

ABU = O(1/R?). (3.9)

Now writing {3.4) in terms of cylindrical coordinates we have

(‘5 +«,§>U Bu, (3.10)
Ox

where the elements of B are defined as

= 0 sinfcosf & sin?éd ¢ n
B“:COSZBE— R, Fhl R -{-“,‘COS@E (311}
_ sm20 0 sinfcosf 2

B, = —sin  cos 9 —+ —psin f — (312
12 St R @R, IR e
EZZ'—EU Ezlz“gn {313

The total radiation condition in cylindrical coordinates is therefore
ABu= (1/R%). (3.14)
The artificial or nonrefiecting boundary conditions used in the numerical scheme

described in Section 5 are obtained by neglecting the O(1/R2) terms in (3.9) and
{3.14) when r=R,.
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The truncation error of O(1/R}), upon application of the nonreflecting boundary
conditions, is only approximately correct. The combination of the boundary
operators (A4, B in (3.14) and A4, B in (3.9)) is not commutative. In reversing the
order of multiplication, additional terms of order O(h/R}) occur where / is the ver-
tical component of the coordinates of the artificial boundary mode where the
radiation condition is applied. In the present examples the origin is the center of the
cavity so that the most severe truncation error is when 4 = y,. In view of the above
commutativity of the boundary operators is within the degree of accuracy of
O(1/R?) provided 4 is much less than R,. In practice, terms which have a factor of
O(h/R?) in (3.9) and (3.14) are incorporated into the O(1/R3) terms and are neglec-
ted.

4. NUMERICAL SCHEME

The numerical domain of interest & is shown in Fig. 2. It is defined as 2 =
{x, y|y <y, 1 <(x*+y*)">< R, }. For each lattice point of a grid superposed on
2, the displacement values are computed and stored for two time levels. Dis-
placements at a succeeding third time level are found explicitly in terms of the
immediately preceding two with the aid of a centered difference form of the
equations of motion (2.10). Away from free surfaces and from the artificial boun-
dary, Egs. (2.10) suffice in finding displacements at succeeding time steps. The
determination of corresponding displacements at free surfaces and the artificial
boundary will be discussed in what follows.

Equation (2.10) is here given in terms of rectangular (U and V') and cylindrical (¢
and v) frames. In rectangular coordinates the equations are

n+1 __ __ Jin—1 n n ]
U'=—U ' +a Ug +ax (Ui, + UL )
n n n n n n
+as(Ug U ) raaVi e = Vi Vi 0= Vi)

(4.1)
where
_ (Az‘)2 (At)2 _ (At)2
“w=? [1 TNy ﬁZ(AyV]’ “ 7wy
(M) L (11
= By =T dx dy <F_F) (42)
and

x=—(R}—y3)">+(k—1) 4x, y=Yo+(—4)Ady, t=n 4t (4.3)
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The equivalent expression for V3% ' can be found by exchanging U and V in (4.1}, «
and f in (4.2}, and reversing the sign of a,. In Eqgs. {(4.3) and (4.6), subscripts on the
displacements u and U identify a particular lattice point in the numerical grid, while
the superscript # fixes the time level of the displacement.

In cylindrical coordinates the corresponding equations are

Wl it=—ul ;7 bl 4 byu

ij

1+1]+b'£u '+b4(uﬁj+1+“:{,’71}

bstey =l ) bV O ) (4.4}
where
(41 (41)? ,  (dry? . (41 ,
b= — —— = (A40) ———= |, b, =— 1/4r 4+ 1/)2r
I A VR T LA 172r]
mn (41)?
1/dr—1;2 by=—5"5
by= [ r /2 ], T BYH40)

(_/JI)2 ! A (46 /1 1\
s=——— | —=+—5 bg=———----|—=——=1 {4.5)
- mwgﬁ(a~ ﬁa) o\ 5)

r=1+{i—1) 4r, 8=jA40. (4.6}

The expression for v”“ is given by Eq. (4.4) with the ’s and v’s e\(chdnged and
with the constants (4. 5) altered by exchanging « and § while reversing the signs of
bs and bg.

At the two free surfaces of the numerical domain the traction free boundary con-
ditions {2.11)}~(2.12) and (2.13)-(2.14) must be applied. The conditions are used in
such a way as to eliminate the need for the introduction of additional grid points
exterior to &. The difference formulation of these conditions is that proposed by
flan and Lowenthal [247, where the equations of motion and the traction free
boundary conditions are incorporated into Taylor series expansions of the dis-
placements at the free surfaces. For the free surface of the half space (rectangular
coordinates the differenced boundary conditions are

Uin'=— Uﬁ,—41 e UZ,4+ UL i+ Uiy ot U’/if;,ﬁ

FealVirna= Vi d+estVio = Vios) (a7
where
(41)? (41)* ~ (41)? (41)?
:2 1" - :2 5 - 3 :‘7—_"—1
o [ B4y o*(4x)? CTIRUT O T PAxy

C:Jﬂﬁ{iﬁi U CL Y A (4.8)
‘T2 Axdy\a’ BL) > 24x Ay \ B sz)' R

58165212
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The corresponding expressions for ;' are found by exchanging the U’s and F’s in
(4.7) and the o’s and f’s in (4.8) (except for ¢,), and by changing the signs of ¢, and
cs. At the cylindrical free surface the differenced boundary conditions are

witl=—ui 7t duf +douy A+ dy(uf )
Fdy(v] ;v o) S5 s )
(1
b el et } 49)
‘Ll r=1
where
(41y 2 ( 052) 2(4ry’
d=2+20 o (1—al ) ar |- 22
! 2’ (4r)’ 7 / ") TR0y
(m)z( z> (41)?
dhy==—\1+—), di=5—5
=\t 2T BA(40)?

d,= (dry [—1+(1—4£)/Ar]+ (e (—1+1/4r)

*T 202 40 B> 2B2 A6
(e 11 _ 2(dr)?
> 24r 40 (ocz B )’ do= B> Ar’ (4.10)

The terms 7!, and tR are the tractions resulting from the displacements u' and u®,
respectively (see Sect. 2). The v{* ' may be found by exchanging the u’s and v’s and
by changing %, + tR to ¢!, + & in (4.9). In addition, in (4.10) the «’s and f’s should
be exchanged (except in dg), the term (1 —4a*/f%)/4r should be replaced by —3/4r,
and the signs of d,, ds, and dg should be reversed.

The artificial boundary is split into three segments. The first segment contains
boundary points which are far from the surface of the half-space so that only out-
going body waves (L, T) need be considered. For these points the condition (3.1) is
center differenced and combined with the center differenced form of (2.10) (the
cross derivative term is backward differenced in the radial coordinate}) to yield the

following equations for «”*! and v**!:

m., j m, j

n+1 _ n—1 n n (0 H n
u =e U, ; ‘teyuy | tesu, tegu, o+ ”m.j—l)

m,j

tes(vn jvi—Un ;)T esUn 1= Up 1) (4.11)

where

Ar -t
g=<41 1+§R_ + o dr (4.12)
b

A ”
elzq{At <1+—2?’>-ocdr}, e,=2q(4t)*/a Ar,

b
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(Az)z( 3 Ar }
=—e,—2 — 1+ + 20 A
“ e eﬁ-q{ a Ry \ 2Rh) * r,

eq=a(At)* Arg/B*R2(A460)?

panai’q 1)(1_3‘2. B\
“ST73R, 46 {(A;JFR o ﬁ) aﬂP,,\H ’}

x(dt)zq<1 1) s
e =—————— | —=——|. ’4Ef)
TR, A0 \FF oL ‘

The subscript m corresponds to the points where = R, {see Eq. 4.6). To find the
equation for v exchange the «'s and «’s in (4.11), o’s and Bs in (4.13). and
reverse the signs of e; and eq.

The second segment of the artificial boundary includes points where the Rayleign
wave displacements, which decay exponentially with distance from the free surface,
are not negligible. The condition on this segment is taken from a differenced form of
equation {3.14). The following notation is introduced

v 7T 1 { J T el X TH 1 T Fra 3
Dq Ck.[:m U= U DLy ,’:E; (U — Ui, )
_ ! N i
Dy {"Z,/:E e~ Ui DUy 1= (Ax) (Chon —2U UL
(.14
Equation (3.14} is differenced as follows:
JADY DL+ DD + DY + f5 D5} ut, ,
+ 11Dy + [ DD+ 1, DED™ + f,DED + [, Dy v, ;=0 {415
where
cos® ¢
Ji=cos?l, fr= +ﬁﬁR cos’f, fy=rcos@+acos’ 0, fi=yxcosd
b
g ﬁ—a> . . B—a
5=—co 647y ——cosd, = —sin 6 cos 6, fr= cos- 8
fars o (T e =8,
. . . ‘B—2 . .
Js=—ysinfd —acosfsin b, fo=7 (~——— cos 8, [fio= —7yasin b
\ BR,
{4.16)
A second equation is produced by switching u”, ;and vy, in (4.15), and by exchang-

ing x and § while reversing the signs of f, f5, f¢, Sy, and fio in (4.16). The wo
equations have four unknowns u;*', v, up, ., o, and o, . The equations of
motion (4.4) with i =m are used to solve for uh ., cand v, in terms of 77" and

m-1,j
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u;;,fj‘. These values are substituted into Egs. (4.15) resulting in a 2x2 matrix
problem whose solution provides the values ;"' and v},*,'. The boundary operator
(4.15) has a disadvantage in that the f’s are theta dependent. Therefore, at every
point where (4.15) is applied, a new set of constants must be found. Fortunately,
because of the exponential decay Rayleigh waves, relatively few boundary points in
the vicinity of the free surface require this special boundary operator.

The final section of the artificial boundary consists of the two points where the
free surface and the artificial boundary intersect. Let U,, V,, Uy, and ¥, represent
horizontal and vertical displacements at these points (see Fig. 2). Point P is the
intersection while Q is located directly below P at a distance 4y. At P the strategy
is taken that both radiation conditions (3.1) and (3.4} are applied as well as the free
surface boundary conditions (2.13)—(2.14). At Q, (3.1) and (3.4) are applied in con-
junction with the equations of motion (2.10). Using the notation (4.14), (3.9) is
written as

{81D5 +g: D5 D" +gsD§ +g,D,D* + gy DgD* +g,,D5+g1, Dy} Ul
+ {805 +24D5D? +gsDi + g5 DyD* +g,0DoDY } V=0 (4.17)

where
o . a .
g,=1—=sin?6, g>=—cos fsin 6,
p p
o _ a
g3=Ec0505m0, g4=1——ﬁ-cos~0
gs=7yacos b, g =yosin 6,

g7=y<1—%sin20)+occos(9, ggzyv%cosﬂsin0+asin0,

o ) o,
g9=>’ﬁc050sm 0, g1o=y<1-ﬁcos*0>,
20— fcos B 20— f\ cos 8
= =7 . 4.18
g1 28 R, > 812 )( 28 > R, ( )

A second equation results by exchanging U, and V) in equation (4.17), while
exchanging « and f in (4.18), and by reversing the sign on the g’s with even sub-
scripts (except for g;,). Equation (4.17) is applied at P where outgoing Rayleigh
waves are traveling in the position x direction. Similar equations must be written
for the other intersection point of the free surface and the artificial boundary. These
equations are found by changing D* to DY in (4.17) and by substituting y for —y
in (4.18). At the point Q Eq. (4.17) is applied changing U}, and V7, to U}, and V7,
and D* to D7 . Similarly for the point at the other end of the free surface, change
D~ to D* and y to —v, in (4.17) and (4.18), respectively.
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Equations {4.17) applied to points P and Q, as specified above, results in four
equations with eight unknowns. The unknown values are Uz*!, Up*!, Vi*ti, Vv,
U, Vi, Uy, and V)., where the pseudonodes P’ and Q' are also shown in Fig. 2.
They are located 4x beyond the edge of the rectangular domain which ends at
points P and Q. The values at the pseudonodes are expressed in terms of L%+
it Ugt!, and V' by application of equations (4.7) at point P and (4.1} at
point . Substitution of these expressions into the four equations found by applyving
(4.17) results in a 4 x4 matrix equation whose solution provides the unknown
values of U"*! and ¥"*! at P and Q. A similar process is used to find the dis-
placements at the other intersection point of the free surface and the artificial grid
boundary.

In the vicinity of the free surface of the half-space, the rectangular and cylindrical
coordinate frames overlap. Due to the explicit nature of the proposed difference
scheme, values of the displacements at the (n + 1)st time level may be found for &if
points except those at the “edge” of each coordinate frame in the overlap region.
The spatial meshes are chosen so that points along these “edges” are completeiy
contained in a subdomain of the opposing coordinate system for which dis-
placements at each lattice point for the (n + 1)st time level are known. The {n + 1 st
displacement for an “edge” point is found by interpolating displacements from a
mesh cell containing the edge point and performing a coordinate translation {3.5} of
the displacements to the correct system. This process of interpolation and trans-
lation must be done at each time step but can be made efficient by finding the
“edge” points, interpolation factors, interpolation cells, and translation factors once,
and using their stored values repeatedly.

The stability of the finite difference scheme and the boundary conditions is dif-
ficult to assess theoretically. If the boundary conditions are ignored a Von Neuman
stability analysis may be performed on the difference Eqs. {4.1)-{4.4). Such an
analysis was done by Alterman and Karal [11], and Alterman and Loewenthal
[25] They found that Ar must satisfy

. YO R .
Atsmm{Ar,AG,Ax,Av}/(—,+-—,> (419
T\t B

to insure stability.

A full stability analysis applying the theory of Gustafsson, Kreiss, and Sundstrom
[26] would be very difficuit for the present problem. it was found by conducting
numerical experiments, which will be reported in the next section, that when disper-
sion was properly minimized, instabilities were avoided in the present applications
which involve the discretized transmission and free surface boundary conditions
and the discrete versions of the equations of motion {4.1) and (4.4).

Dispersion of finite difference approximations tc wave equations has been studied
recently by Trefethen [27]. He reported that phase and group velocities resulting
from a finite difference solution to the elastodynamic equations of motion differ
from the true analytical values by terms that are directionally dependent and which
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contain a factor of Q =%, where Q represents the number of mesh points used per
wavelength. In order to prevent high frequency noise from eventually con-
taminating results elsewhere in the numerical domain, Q was held relatively high,
and pulses where restricted to having smooth leading and trailing edges.

5. RESULTS

Results for time dependent problems in elastodynamics are typically given in one
of two forms. One is to isolate points of interest in the spatial domain and chronicle
their displacement histories. A second method uses “snapshots’ of the displacement
fields at specified times of the scattering process for a portion (or all) of the spatial
domain. A series of these snapshots could be made to produce a motion picture of
the pulse scattering process. The two forms of representation are complementary in
as much as one fixes points in space while the other fixes points in time.

Both methods of representation are used in what follows. Relatively few
snapshots are given for each of the pulse problems, however, and their presence is
only for purposes of illustration. In viewing the snapshots, one should imagine a
series of evenly spaced horizontal and vertical lines which overlay the numerical
domain. Any deviation from this uniformity is the result of an incident, reflected, or
scattered displacement, or a combination of these.

First considered, is scattering of a pulse by a cavity in an unbounded elastic solid.
The relevant parameters are: Ar=0.1, 40=7x/30, R,=5, «=0.8, f=1.6, and
Ar=0.06. Results for this problem are presented for comparison with results
produced by scattering of a pulse from a cylindrical cavity embedded in a half-
space. Figures 3a, b, ¢, and d show snapshots of the pulse (Eq. 2.3 with #,=90°)
interacting with the cavity. In Figs. 3a and b the pulse has almost traverse the
cavity while in Figs. 3c and d it has nearly disappeared from the numerical domain.
Figure 3d best illustrates the scattered L and TV waves. The L waves are most
clearly evident on the illuminated side of the cavity, while scattered TV waves can
be seen in the shadow zone. The two types of waves are identified by observing sub-
sequent snapshots and determining the relative rate at which they exit the domain.

Figure 4 chronicles time histories of the total displacement for points on the sur-
face of the cavity, shown schematically directly above the histories. Points 4 and E
are in line with the direction of propagation of the incident pulse, where A4 is on the
illuminated side, and E on the shadow side. Due to symmetry the circumferential
displacements at 4 and E are zero as shown. The time scale for the displacement
histories is given by equation (2.2); T was taken to be one, so a time interval of \/5
should be expected between response peaks, as is verified by the time history of the
radial displacement at point 4. In what follows let 4 represent this time interval.
Several observations can be made of the pulse at the shadow portion of the cavity
as recorded at point E. Since the incident pulse first pulls on and then pushes the
cavity, the sign of the displacements at E are opposite to those at 4 since the direc-
tion of increasing radial displacement is reversed. It is observed that the time inter-
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val between peaks (4) at E is a factor of about \ﬁ greater than that at point 4,
while the amplitude of the displacement at E relative to that at 4 is decreased by
roughly one-third. In addition, if the cavity were absent the incident pulse would
traverse the distance from 4 to E in 1.6 time units, but in its presence the time
between observed peaks at 4 and E is nearly two times this amount.

Attention is now turned to the problem of scattering of the same pulse as used
above from a cylindrical cavity embedded in a half-space whose free surface is nor-
mal to the direction of propagation in the incoming wave. The parameters o, f, and
Ar are the same as for the free space problem while 40 =m/64, Ar=0.03, R, =3,
and the new parameters: y, = 1.8 (depth from free surface to center of cavity), 4x =
Ay=0.1, and 0,=90° (propagation direction of incident pulse). Figures 5a—d are
snapshots at times roughly equivalent to those shown in Figs. 3a—d. The values of
R, for the present and preceding problem could have been made equal. In the half
space problem a small R, was chosen for economy of computational effort, while
for the full space problem a larger R, was used because a clear depiction of the scat-
tered displacements was desired.

Because of the relatively small size of R, for the half-space problem, it is par-
ticularly difficult to separate surface and body wave components of the scattered
displacements. For larger values of R, it may be possible to isolate the Rayleigh
surface wave but this is not done in the present work.

F1G. 5. Snapshots of scattering of a longitudinal pulse (same as used in Fig. 3) from a cylindrical
cavity embedded in an elastic half-space. Figures ¢ and d represent a later time than that represented by
a and b. Parameters are: 4r =0.1, 40 =n/64, 4x=A4y=0.1, R,=3, y,=1.8, «=0.8, =16, §,=90°,
At=0.03.
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An additional input parameter required for the half-space problem is the depth to
which the combined radiation condition (3.14) is applied. In each of the remaining
experiments this depth was equal to the depth of the cavity { ). Numerical tests to
study the effects of varying this depth have not been performed. One would expect,
however, that the optimal depth of application should depend upon the shape,
duration, and angle of incidence of the incident pulse.

Time histories for this problem (Fig. 6) are given in terms of horizontal and ver-
tical displacements, in contrast to the radial and circumferential displacements of
Fig. 4, so care must be taken in comparing equivalent histories. For example, the
vertical displacement history at point A of Fig. 6 is to be compared with the radial
displacement at point E in Fig. 4 while the vertical displacement at point C in Fig. 6
should be compared with the negative radial displacement history at 4 in Fig 4
{since the direction of positive radial displacement at 4 is downward).

Note that symmetry of the problem demands zero horizontal displacement at
points C, 4, and G, as observed in Fig. 6. Furthermore, horizontal displacements at
points equidistant from this axis are opposite in sign. With information taken from
the free space probiem, arrival times of positive peaks recorded at point C may be
determined and are found to agree well with what is observed. The first peak {at
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FiG. 6. Time histories of displacements for various points on the cavity and half-space free surfaces.
Parameters same as in Fig. 5.
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point C) is due directly to the incident pulse, while the second results from a scat-
tered pulse caused by the reflection of the incident wave at the half-space free sur-
face. The third peak appears at a time that a pulse at A (caused by scattering of the
incident wave) has been reflected from the free surface of the half-space and has
produced a second scattered pulse at point C.

The results suggest that a damped vibration model is excited between the free
surfaces of the cavity and the half-space. This can be seen in the slight ringing of the
vertical displacements for time histories of points A and G. The relatively long
period of this oscillation may be attributed to the elongation of the scattered wave
and its multiple reflections as they travel around the cylinder.

Results for a pulse incident under an angle of 45 are shown in Figs. 7-8. All
parameters are the same as for the normal incident compressional wave except
0,=45°. These results are more difficult to anayze than for the normally incident
case because of the appearance of a reflected transverse wave. One observation is
that the magnitude of the ringing phenomenon between points 4 and G has been
reduced, as one might expect for incident angles other than normal to the free sur-
face of the half-space.

With the given set of parameters for the half-space scattering problems it was
found that each time iteration took approximately one third of a second on a
CYBER 170/730.

Several factors should be taken into account when applying the numerical techni-
que presented here to similar pulse scattering problems. The method works most

Fic. 7. Same as Fig. 5 except 6, =45
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efficiently when the depth of the scatterer and the wavelengths which dominate in
the incident pulse are of the same order of magnitude as a characteristic length of
the scatterer. If wavelengths dominating the pulse are short {relative to the dimen-
sions of the scatterer) a very fine mesh must be employed in order to minimize grid

-t PSP, JE | =1

LT LICT SUridec Ol UI1C Nall-SPdie dIld LIC SCALCICT €41l DO 4CCOUnILq 101, and diso Lo
properly apply the radiation boundary operator developed for the numerical
scheme.

An argument identical to that presented in [217] (Appendix 4} can be used 1o
demonstrate the non-existence of bound states for the half-space scattering problem.
The absence of such states justifies implementation of the numerical technique
presented to solve problems of time harmonic scattering. This is done here to
demonstrate the versatility and the accuracy of the method. A multiple series
solution (24 terms) provided by Wong is used as a basis of comparison. Shah,
Wong, and Datta {227 employed a similar benchmark fo test the accuracy of their
rnumerical scheme.
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FiGc. 9. Magnitude of the scattered vertical displacements at the half-space free surface for an
incident time harmonic longitudinal wave. Relevant parameters are: dr=1, 40 = /59, Ax =4y ~0.1,
A41=0.1, R, =3, yo=1.53, f=5662, «=2.75, 6,=90°.

For the time harmonic problem, the relevant parameters were f=35.662,
v=0.3456 (Poisson’s ratio), dr=A4t=0.1, AG=7/59, and Ax=A4y~0.l. The
numerical scheme was marched forward in time until a steady state solution was
reached (measured by the variation of horizontal and vertical displacements at the
half-space free surface). Figure 9 displays the comparison of the present numerical
technique (solid line) with that of the series solution {dotted line) for the magnitude
of the vertical displacement along the half-space. As can be seen, the results com-
pare favorably.
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